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Abstract
Thus far, there seem to be no complete criteria that can settle the issue
as to what the correct generalization of the Dirac-Born-Infeld (DBI) action,
describing the low-energy dynamics of the D-branes, to the non-abelian case
would be. According to recent suggestions, one might pass the issue of world-
volume solitons from abelian to non-abelian setting by considering the stack
of multiple, coincident D-branes and use it as a guideline to construct or
censor the relevant non-abelian version of the DBI action. In this spirit,
here we are interested in the explicit construction of SU(2) Yang-Mills (YM)
instanton solutions in the background geometry of two coincident probe D4-
brane worldspaces particularly when the metric of target spacetime in which
the probe branes are embedded is given by the Ricci-flat, magnetic extremal
4-brane solution in type IIA supergravity theory with its worldspace metric
being given by that of Taub-NUT and Eguchi-Hanson solutions, the two best-
known gravitational instantons. And then we demonstrate that with this YM
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instanton-gravitational instanton configuration on the probe D4-brane world-
volume, the energy of the probe branes attains its minimum value and hence
enjoys stable state provided one employs the Tseytlin’s non-abelian DBI ac-
tion for the description of multiple probe D-branes. In this way, we support
the arguments in the literature in favor of Tseytlin’s proposal for the non-
abelian DBI action.
PACS numbers: 11.15.-q, 11.25.-w, 04.65.+e
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I. Introduction
With the recent advent of the physics ofD-branes [1], the solitons in the non-perturbative
spectrum of string theory, it has been realized that their low-energy dynamics can be prop-
erly described by the so-called, “Dirac-Born-Infeld (DBI)” action [1,2]. Since single branes
are known to be described by the abelian DBI action, one might naturally expect that the
multiple branes [3] would be by some non-abelian generalization of the DBI action. Unfortu-
nately, however, there seem to be no complete criteria that can settle the issue as to what the
correct generalization of the DBI action to the non-abelian case would be. To pass from the
abelian version to the non-abelian one, the first obvious treatment to be done is to render the
action group scalar by taking the trace over the group indices appearing in the non-abelian
gauge field strength term. Indeed, different group trace operations have been proposed in
the literature and they include ; Tr, the ordinary trace [1], Str, the symmetrized trace [4]
and (Str + i Atr), the combination of the symmetrized and the antisymmetrized trace [5].
Here, we will argue that the symmetrized trace operation put forward by Tseytlin stands out
particularly in association with the “BPS” solitons that the D-branes may admit on their
worldvolumes. Actually, it shall be demonstrated that Tseytlin’s choice of non-abelian DBI
action, but no others, “knows” about the energy-minimizing worldvolume solitons. Since we
shall take the BPS soliton on the D-brane worldvolume as a mean to argue the relevance
of Tseytlin’s version of non-abelian DBI action, it seems appropriate to remind briefly the
status of worldvolume solitons uncovered in the literature thus far. It has been found that
the D4-brane worldvolume theories admit abelian instantons [6] ; those of D3-brane admit
abelian monopoles and dyons [7] ; those of D2-brane admit abelian vortices [7,8] ; and lastly,
those of D-string admit kinks [9]. Then taking the abelian DBI action for the worldvolume
field theory, it has been realized that the BPS-type condition for each case minimizes the
energy of the corresponding worldvolume soliton. And another interesting point is that all
of the above configurations can be obtained by starting from the D4-brane case and succes-
sively applying T -duality [10]. Thus it seems quite natural to pass this issue of worldvolume
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solitons from abelian to non-abelian setting by considering instead the stack of multiple,
coincident D-branes and use it as a guideline to construct or censor the non-abelian version
of the DBI action and this is precisely what we would like to do in the present work. Then
what is so special about Tseytlin’s suggestion for the non-abelian DBI action ? As we shall
see in a moment, for non-abelian gauge field configuration satisfying the (anti) self-dual field
strength Fαβ = ±F˜αβ (with α, β being the D4-brane worldspace indices), the determinant in
the DBI action can be written as a “complete square” linearizing the DBI action and then
turning it into that of usual Yang-Mills theory [10,11]. What is more, since we are dealing
with static soliton configurations, the energy density of the D4-brane is just HDBI = −LDBI ,
which gets minimized if and only if Fαβ = ±F˜αβ [6,10,11]. Thus the BPS condition, or the
(anti) self-duality of non-abelian gauge theory instanton solution at once linearizes the oth-
erwise highly non-linear DBI action and minimizes the energy of the D4-brane provided
Tseytlin’s non-abelian DBI action is employed. In order to demonstrate that this procedure
can indeed work, the question would be whether or not one can actually construct, say,
SU(2) Yang-Mills instanton solution having (anti) self-dual field strength in the background
of D4-brane worldspace. Thus at this point, it might be relevant to remind what has been
done and suggested to be done in the literature to answer to this question. In [10], it has
been pointed out that a stack of two coincident D4-branes with flat worldvolume geometry
admits worldvolume solitons corresponding to the standard BPST [12] SU(2) YM instanton
solutions to the (anti) self-dual YM equation in the flat D4-brane worldspace. And then in
[11], it was just argued that in a similar manner, a pile of two coincident D4-branes with
Ricci-flat worldvolume geometry may admit worldvolume solitons this time corresponding
to the SU(2) YM instanton solutions to the (anti) self-dual YM equation in the background
of Ricci-flat D4-brane worldspace described, say, by 4-dimensional gravitational instantons.
In [11], however, they were not able to explicitly demonstrate the construction of such YM
instanton solutions. Thus here in this work, we would like to demonstrate in an explicit
manner that the worldvolume solitons of this sort, i.e., SU(2) YM instanton solutions in the
background of Ricci-flat D4-brane worldspace with its metric being described by the Taub-
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NUT or Eguchi-Hanson metric can actually be constructed. To be a little more precise,
we shall be interested in the explicit construction of SU(2) Yang-Mills instanton solutions
in the background geometry of a stack of the two coincident probe D4-brane worldspaces
particularly when the metric of target spacetime in which the probe branes are embedded
is given by the Ricci-flat, magnetic extremal 4-brane solution in type IIA theory with its
worldspace metric being given by that of Taub-NUT or Eguchi-Hanson solution, the two
best-known gravitational instantons. And then we shall demonstrate that with this YM
instanton-gravitational instanton configuration on the probe D4-brane worldvolume, the
energy of the probe branes attains its minimum value and hence enjoys stable state pro-
vided one employs the Tseytlin’s non-abelian DBI action for the description of multiple
probe D-branes. On the technical side, then, it might be relevant to describe how to gen-
erally construct the SU(2) YM instantons as solutions to (anti) self-dual YM equations in
the background of typical 4-dimensional gravitational instantons. Generally speaking, well
below the Planck scale, the strength of gravity is negligibly small relative to those of particle
physics interactions described by non-abelian gauge theories. Thus one might overlook the
effects of gravity at the elementary particle physics scale. Nevertheless, as far as the topo-
logical aspect is concerned, gravity may have marked effects even at the level of elementary
particle physics. Namely, the non-trivial topology of the gravitational field may play a role
crucial enough to dictate the topological properties of, say, SU(2) Yang-Mills (YM) gauge
field [12] as has been pointed out long ago [13]. Being an issue of great physical interest and
importance, quite a few serious study along this line have appeared in the literature but they
were restricted to the background gravitational field with high degree of isometry such as the
Euclideanized Schwarzschild geometry [13] or the Euclidean de Sitter space [14]. Even the
works involving more general background spacetimes including gravitational instantons (GI)
were mainly confined to the case of asymptotically- locally-Euclidean (ALE) spaces which
is one particular such GI and employed rather indirect and mathmatically-oriented solution
generating methods such as the ADHM construction [15]. Recently, we [16] have proposed
a “simply physical” and perhaps the most direct algorithm for generating the YM instanton
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solutions in all species of known GI. Thus in the present work, we would like to employ this
recently developed method to construct SU(2) YM instanton solutions in the background
of Ricci-flat D4-brane worldspace described by 4-dimensional gravitational instantons such
as Taub-NUT (TN) or Eguchi-Hanson (EH) metric.
The rest of the paper is organized as follows. In sect.II, we shall present the Ricci-flat ex-
tremal p-brane solutions in supergravity (SUGRA) theories. Although their existence has
been pointed out and the solution forms written down in [11], a careful and explicit deriva-
tion is hardly available in the literature.1 Thus we provide the detailed derivation in this
section as it plays the central role in this work. Sect.III is devoted to the introduction of
different versions of the non-abelian DBI action and the detailed description of the features
of Tseytlin’s action particularly in connection to the worldspace instanton of the D4-brane.
Sect.IV is the main part of this work containing new ingredients. Namely, there we discuss
the construction of SU(2) instanton solutions in the background of TN and EH metrics rep-
resenting the Ricci-flat D4-brane worldspace. Lastly in sect.V, we conclude with discussions
and in the Appendix, we provide detailed analysis of the interesting nature of these YM
instantons obtained in sect.IV.
II. Ricci-flat extremal p-brane solutions in supergravity theories
1. Construction of solutions
In order to derive and study the M-brane solutions in (the bosonic sector of) D = 11
SUGRA and D-brane solutions in D = 10 type IIA/IIB SUGRA conveniently in a single
setting, we would like to consider a system in generally D-spacetime dimensions comprising
the metric GMN , a scalar (dilaton) field Φ, and an (n− 1)-form antisymmetric R-R tensor
1A rather concise description of the derivation has been given by B. Janssen (JHEP 0001, 044
(2000)) and we were informed (private communication) that also it can be found in the PhD thesis
of D. Brecher although the latter is not generally available.
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gauge field A[n−1] with the associated field strength F[n] described by the action (our method
here to construct the solutions closely follows that in [17])
S =
∫
dDX
√
G[R− 1
2
∇MΦ∇MΦ− 1
2n!
ea˜φF 2[n]]. (1)
Upon extremizing this action with respect to GMN , Φ and AM1...Mn−1, one would get a set of
classical field equations of which the concrete forms shall be given later on. (Of course, it is
known that the field equations of type IIB theory cannot be derived from a covariant action.
Nevertheless, the field equations that result from the action given above are general ones
in that they involve those of type IIB theory.) In order to practically solve these equations
of motion, we would have to make a simplifying ansa˝tz for solutions. As a simplest choice,
one normally require translational symmetry along the (p + 1) = (n − 1) ≡ d-dimensional
worldvolume of the p-brane configuration and isotropy in the directions “transverse” to
this p-brane worldvolume, namely (Poincare)d × SO(D − d)-symmetric solution ansa˝tz.
Accordingly, then, the spacetime coordinates can be split into two ranges
XM = (xµ, ym) (2)
where xµ(µ = 0, 1, ..., p = (d − 1)) are the coordinates on the p-brane worldvolume and
ym(m = (p + 1), ..., (D − 1)) are the coordinates transverse to the worldvolume. Thus
the worldvolume has (p + 1) = d dimensions and the number of transverse directions is
(D − d) ≡ (d˜ + 2). Of course this highly symmetric restriction on the solution ansa˝tz
can be somewhat relaxed in more generalized versions of the class of p-brane solutions and
particularly here in the present work, we start by abandoning the Poincare-symmetry on the
brane worldvolume and end by demonstrating that a simple, “Ricci-flat” p-brane solutions
can actually be constructed. Namely, we employ the ansa˝tz for the spacetime metric as
ds2 = GMNdX
MdXN (3)
= e2A(r)γµν(x)dx
µdxν + e2B(r)δmndy
mdyn
= e2A(r)ηˆabeˆ
a
µ(x)eˆ
b
ν(x)dx
µdxν + e2B(r)dymdym
= ηIJe
I(X)eJ(X)
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where r = (ymym)1/2 is the isotropic radial coordinate in the space transverse to the brane
worldvolume and we introduced, to carry out later on the computation of the Ricci tensor
components RMN in a easier and elegant manner, the orthonormal basis or the vielbein
eI(X) = eIMdX
M = eIµdx
µ + eImdy
m given by
eI(X) = {ea = eA(r)eˆa(x) = eA(r)eˆaµ(x)dxµ, em = eB(r)dym} (4)
and to summarize, here M = (µ, m) are coordinate basis indices and I = (a, m) are
non-coordinate, orthonormal frame indices with µ, a = 0, 1, ..., p = (d − 1) and m = (p +
1), ..., (D−1) respectively. Since the metric components depend only on “r”, the SO(D−d)-
symmetry in the transverse directions still remains. Then the corresponding ansa˝tz for the
scalar dilaton field is simply
Φ = Φ(r). (5)
Finally, for the (p + 1) = (n − 1)-form antisymmetric R-R tensor gauge field AM1...Mn−1,
two kinds of ansatz related by duality transformation are possible. Obviously, the first
possibility is to choose A[n−1] such that it “supports” a (p + 1) = (n − 1)-dimensional
worldvolume. To be a little more concrete, we naturally expect that A[n−1] couples directly
to the (p+1) = (n−1)-dimensional worldvolume of the p-brane, just as the 1-form Maxwell
gauge potential couples to the worldline of a charged particle as eAµdx
µ with e being the
gauge charge. Then the “charge” of the p-brane here will be obtained via Gauss’ law from
the surface integral involving the associated field strength F[n]. This first possible choice
shall be referred to as “electric (or elementary)” ansa˝tz and amounts to
Aµ1...µn−1 = ǫµ1...µn−1e
C(r) (6)
with others being zero or in terms of its field strength
Fmµ1...µn−1 = ǫµ1...µn−1∂me
C(r) (7)
with all others zero. Here, ǫµ1...µn−1 is generally the curved spacetime version of the totally
antisymmetric tensor. We now turn to the second possibility for the choice of the ansa˝tz
8
for A[n−1]. This second possibility can be most conveniently expressed in terms of the field
strength as it can be obtained by considering the Hodge dualized field strength F˜[n], which
is a (D−n) = (D−d−1) = (D−p−2)-form. Since the duality transformation is involved,
this second choice may be called “magnetic (or solitonic)” ansa˝tz and amounts to
Fm1m2...m(D−n) = λǫm1m2...m(D−n)l
yl
r(D−n+1)
(8)
where the undetermined parameter λ in this ansatz is an integration constant representing
the magnetic charge. Having constructed two kinds of ansa˝tz for the R-R tensor gauge field,
we now can write down the classical field equations in an explicit manner
RMN =
1
2
∂MΦ∂NΦ + SMN with
SMN =
1
2(n− 1)!e
a˜Φ
[
FM...F
...
N −
(n− 1)
n(D − 2)GMNF
2
]
,
1√
G
∂M [
√
GGMN∂NΦ] =
a˜
2n!
ea˜ΦF 2,
1√
G
∂M1 [
√
Gea˜ΦFM1...Mn] = 0 (9)
for the electric ansa˝tz and with
SMN =
1
2(D − n− 1)!e
a˜Φ
[
FM...F
...
N −
(D − n− 1)
(D − n)(D − 2)GMNF
2
]
,
1√
G
∂M [
√
GGMN∂NΦ] =
a˜
2(D − n)!e
a˜ΦF 2,
1√
G
∂M1 [
√
Gea˜ΦFM1...M(D−n)] = 0
for the magnetic ansa˝tz. Now the rest of the procedure to find electric/magnetic p-brane
solutions consists simply of writing and solving the field equations given above in terms of
the SO(D − d)-symmetric ansa˝tz of the fields given. And central to this procedure is the
computation of Ricci tensor components RMN which, as stated earlier, can be done most
easily in the context of Riemann-Cartan formulation in which the line element is given in
non-coordinate orthonormal basis as in eq.(4). Namely, one first obtains the spin connection
1-form ωIJ = ω
I
MJdX
M via the Cartan’s 1st structure equation
deI + ωIJ ∧ eJ = 0 (10)
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and from them, one next calculates the Riemann curvature 2-form RIJ = (1/2)RIJMNdX
M ∧
dXN via the Cartan’s 2nd structure equation
RIJ = dωIJ + ωIK ∧ ωJK (11)
to get, upon projecting back in the coordinate basis,
Rµν = Rˆµν − γµν(x)e2(A−B)
[
A′′ +
(d˜+ 1)
r
A′ + d(A′)2 + d˜A′B′
]
,
Rmn = −δmn
[
B′′ + dA′B′ + d˜(B′)2 +
(2d˜+ 1)
r
B′ +
d
r
A′
]
(12)
−y
myn
r2
[
d˜B′′ + dA′′ − 2dA′B′ + d(A′)2 − d˜(B′)2 − d˜
r
B′ − d
r
A′
]
,
Rµm = 0
where prime denotes the derivative with respect to r = (ymym)1/2 and in the first line, Rˆµν
denotes the Ricci tensor associated with the non-trivial metric on the brane γµν(x). Finally,
the field equations written in terms of SO(D − d)-symmetric ansa˝tz of the fields take the
forms
Rˆµν − γµν(x)e2(A−B)
[
A′′ +
(d˜+ 1)
r
A′ + d(A′)2 + d˜A′B′
]
= −γµν(x)e2(A−B) d˜
2(D − 2)S
2,
B′′ + dA′B′ + d˜(B′)2 +
(2d˜+ 1)
r
B′ +
d
r
A′ = − d
2(D − 2)S
2, (13)
d˜B′′ + dA′′ − 2dA′B′ + d(A′)2 − d˜(B′)2 − d˜
r
B′ − d
r
A′ +
1
2
(Φ′)2 =
1
2
S2
for the metric field equations and
Φ′′ + (dA′ + d˜B′)Φ′ +
(d˜+ 1)
r
Φ′ =
1
2
ζa˜S2 (14)
for the dilaton field equation. And here we denoted by S the quantity
S ≡
[
e(a˜Φ/2−dA+C)C ′
]
(electric case : d = (n− 1), ζ = −1), (15)
S ≡
[
λe(a˜Φ/2−d˜B)
1
r(d˜+1)
]
(magnetic case : d˜ = (D − n− 1), ζ = 1).
Lastly, we note that the remaining antisymmetric R-R tensor gauge field equation (i) for
the electric case reads
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[
C ′′ +
(d˜+ 1)
r
C ′
]
+ C ′(C ′ + a˜Φ′ − dA′ + d˜B′) = 0, (16)
e(a˜Φ−dA+d˜B)(∂me
C)ǫνν1...ν(n−2)∂µ[(det γ(x))γ
µνγµ1ν1 ...γµ(n−2)ν(n−2) ] = 0
whereas (ii) for the magnetic case, the R-R tensor gauge field equation always holds regard-
less of the specific solution forms for the metric and the dilaton fields.
We now attempt to solve these coupled field equations. The field equations at hand, how-
ever, look quite formidable yet. To proceed any further, therefore, we need some hint from
the requirements for supersymmetry preservation. Namely, we shall now refine the solution
ansa˝tz above by imposing the “linearity” condition
dA′ + d˜B′ = 0. (17)
This condition, as one can readily see in the field equations above, amounts to eliminating
B(r) in favor of A(r) in the metric and dilaton field equations where it is interesting, even at
this early stage, to note that these field equations themselves require the “Ricci-flatness” of
the p-brane worldvolume metric γµν(x). That is, due to the imposed condition dA
′+d˜B′ = 0,
in order for the first and second equations of the metric field equation in (13) to be consistent,
it is required that Rˆµν = 0. Next, further refining our solution ansa˝tz by setting
Φ′ =
ζa˜(D − 2)
d˜
A′ (18)
the remaining set of three coupled equations for A(r) and Φ(r), two from eq.(13) and one
in eq.(14), can be readily integrated to yield
e2A = exp
[
2d˜
ζa˜(D − 2)Φ
]
= H−4d˜/∆(D−2)(r),
e2B = exp
[
− 2d
ζa˜(D − 2)Φ
]
= H4d/∆(D−2)(r), with
H(r) = 1 +
k
rd˜
(19)
being the harmonic function as a solution to the Laplace equation in (D − d) = (d˜ + 2)-
spacelike transverse dimensions. The integration constant k sets the mass scale of the
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solution and has been taken to be positive to ensure the absence of naked singularities at
finite r. And here as for the other integration constants, Φ(∞) has been set to zero for
simplicity while we have chosen A(∞) = 0 = B(∞) so that the solution tends to flat space
at transverse infinity r →∞. Also note that we defined a parameter ∆ such that
a˜2 = ∆− 2dd˜
(D − 2) . (20)
Now, what remains is to check if these metric and dilaton solutions obtained are really
consistent with the R-R tensor gauge field equations. As we already noted earlier, (ii) for
the magnetic case, the tensor gauge field equations always hold regardless of the specific
solution forms for the metric and dilaton fields. And this implies that the supergravity field
equations generally admit “Ricci-flat” magnetic p-brane solutions. Next, (i) for the electric
case, the first of the set of two R-R tensor gauge field equations given in eq.(16) is actually
implied by the metric and dilaton field equations and hence can be readily integrated to
yield
eC =
2√
∆
H−1(r). (21)
And it is straightforward to see that the second of the two R-R tensor gauge field equations
trivially holds. Thus to conclude, both the electric and magnetic Ricci-flat p-branes turn
out to be legitimate supergravity solutions. For p ≤ 2, however, there are no non-trivial
Ricci-flat p-brane solutions since a Ricci-flat manifold with spacetime dimensions less than
or equal to 3 is necessarily flat.2 Finally, we summarize the dilatonic Ricci-flat p-brane
solutions of general supergravity theories as
ds2 = H−4d˜/∆(D−2)(r)[γµν(x)dx
µdxν ] +H4d/∆(D−2)(r)[dr2 + r2dΩ2
(d˜+1)
],
eΦ(r) = H−2a˜/ζ∆(r) with (22)
Rˆµν(γ) = 0, H(r) = 1 +
k
rd˜
2We would like to thank D. Brecher (private communication) for pointing out an incorrect state-
ment regarding the electric Ricci-flat p-brane solutions in the earlier version of the present work.
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where we introduced the spherical-polar coordinates for the transverse dimensions dymdym =
dr2+ r2dΩ2
(d˜+1)
with dΩ2
(d˜+1)
being the metric on unit (d˜+1)-sphere. And (i) for the electric
case (ζ = −1), the R-R tensor gauge field strength is given by
Fmµ1...µn−1 = ǫµ1...µn−1∂m
[
2√
∆
H−1(r)
]
(23)
whereas (ii) for the magnetic case (ζ = 1), the R-R tensor gauge field strength is
Fm1m2...m(D−n) = λǫm1m2...m(D−n)l
yl
r(D−n+1)
with k =
√
∆
2d˜
λ. (24)
2. Applications
Consider now, as a particular example, the bosonic sector of D = 11 SUGRA represented
by the action
S11 =
∫
d11X
√
G[R − 1
2 · 4!F
2
[4]]−
1
6
∫
A[3] ∧ F[4] ∧ F[4] where
A[3] =
1
3!
A[MNP ]dX
M ∧ dXN ∧ dXP , F[4] = dA[3]. (25)
When we attempt to apply the results associated with the Ricci-flat dilatonic p-brane solu-
tions obtained above to this D = 11 SUGRA system, we first need to note two particular
points. The first is that, here, no scalar field is present. This follows from the supermultiplet
structure of D = 11 SUGRA theory in which all fields are gauge fields. In lower dimen-
sions, of course, scalars do emerge ; namely the dilaton field in D = 10 type IIA SUGRA
appears upon dimensional reduction from D = 11 SUGRA to D = 10. The absence of the
scalar in D = 11 SUGRA can then be handled, in the context of our general discussion
provided above, by simply identifying the dilaton coupling parameter “a˜” with zero so that
the scalar may be consistently truncated. Namely, from a˜2 = ∆− 2dd˜/(D − 2), we identify
∆ = 2 · 3 · 6/9 = 4 for the D = 11 SUGRA case. The second point to note is the presence of
AFF Chern-Simons term in the action. This term is required by D = 11 local supersymme-
try with the coefficient precisely as given. Although we did not take into account the effects
of this AFF term in our general discussion, this omission is not essential to the basic class
of p-brane solutions we are considering.
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Now, as an obvious example of Ricci-flat, magnetic M-brane solution to D = 11 SUGRA,
we consider the M5-brane solution. Plugging D = 11, a˜ = 0, d = (p + 1) = 6, d˜ = 3, and
∆ = 4 in the general solution given in eqs.(22) and (24), it is given by (also see [11])
ds2 = H−1/3(r)[γµν(x)dx
µdxν ] +H2/3(r)[dr2 + r2dΩ24],
H(r) = 1 +
k
r3
, and (26)
Fm1m2m3m4 = ǫm1m2m3m4n
3kyn
r5
where we used λ = 2d˜k/
√
∆ = 3k and µ, ν = 0, ...5 and m, n = 6, ...10. At first glance, it
may look like that the metric/gauge solutions are singular at r = 0 just as we encountered for
the Poincare-invariantM5-brane case. However, if one evaluates invariant components of the
curvature tensor and the R-R gauge field strength, one readily finds that these invariants
are non-singular at r = 0. Moreover, although the proper distance to the surface r = 0
along a t = const. geodesic diverges, the surface r = 0 can be reached along null geodesics in
finite affine parameter. This implies that the timelike hypersurface r = 0 is a horizon, i.e., a
coordinate singularity. Besides, close inspection reveals that actually r = 0 is a “degenerate”
horizon which is known to occur typically for extremal black holes when the inner and outer
horizons coalesce. The near-horizon geometry of this M5-brane metric solution, however,
fails to be that of AdS7×S4 due to the Ricci-flat nature of the worldvolume geometry. And
the integration constant k appearing in the Harmonic function H(r) representing the mass
scale of the solution can be explicitly determined for Poincare-invariant worldvolume metric
solution γµν(x) = ηµν in which case, k = πNl
3
11 with l11 denoting the 11-dimensional Planck
length and N the number of branes generally for stack of coincident branes.
We now turn to the bosonic sector of D = 10 type IIA/IIB SUGRA theories. It is well-
recognized that D = 10 type IIA/IIB SUGRA theories can be thought of as the low energy
effective theories of type IIA/IIB superstring theories. And in the application of our general
p-brane solutions given earlier to this D = 10 type IIA/IIB SUGRA theories, solutions of
particular interest are the “a˜ = 0 subsets” for which the dilaton is set to zero or just a
constant. Thus here, we just consider these “non-dilatonic” p-brane solutions.
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Our first example is the Ricci-flat, magnetic D3-brane solution of type IIB theory. Plugging
D = 10, a˜ = 0, d = (p+ 1) = 4, d˜ = 4, and ∆ = 4 in eqs.(22) and (24), it is given by
ds2 = H−1/2(r)[γµν(x)dx
µdxν ] +H1/2(r)[dr2 + r2dΩ25],
H(r) = 1 +
k
r4
, and (27)
Fm1...m5 = ǫm1...m5n
4kyn
r6
where we used λ = 2d˜k/
√
∆ = 4k and µ, ν = 0, ...3 and m, n = 4, ...9. The 5-form R-R
tensor field strength here is self-dual. Again, the r = 0 timelike hypersurface is a harmless
degenerate horizon and the integration constant k appearing in the Harmonic function H(r)
can be explicitly determined for Poincare-invariant worldvolume metric solution γµν(x) = ηµν
in which case, k = 4πgsNl
2
s with gs being the string coupling constant and ls =
√
α′ the
string length. And due to the generally Ricci-flat nature of the worldvolume metric, the
near-horizon geometry of this D3-brane fails to be that of AdS5 × S5.
Lastly, we consider the Ricci-flat, magnetic D4-brane solution of type IIA theory which is
of our central concern in this work. Plugging D = 10, a˜ = 0, d = (p + 1) = 5, d˜ = 3, and
∆ = 15/4 in eqs.(22) and (24), it is given by
ds2 = H−2/5(r)[γµν(x)dx
µdxν ] +H2/3(r)[dr2 + r2dΩ24],
H(r) = 1 +
k
r3
, and (28)
Fm1...m4 = ǫm1...m4n
12√
15
kyn
r5
where we used λ = 2d˜k/
√
∆ = 12k/
√
15 and µ, ν = 0, ...4 and m, n = 5, ...9. r = 0
is again a degenerate horizon and for Poincare-invariant worldvolume metric solution, the
integration constant k can be explicitly determined to be k ∼ gsNl3s . Here, also the generally
Ricci-flat nature of the worldvolume keeps the near-horizon geometry of this D4-brane from
being that of AdS6 × S4.
We now end with the remark on the asymptotic geometry of this D4-brane metric solution
as r →∞ [11]. Far from the source 4-brane, or more precisely, at infinities in null directions,
H(r)→ 1 and hence
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ds2 ≃ γµν(x)dxµdxν + dymdym (29)
which is Ricci-flat as a whole. For instance, therefore, we may take the Ricci-flat worldvolume
metric as that of (see also [11])
R× (Taub− NUT) : ds2 = [−dt2 + dsˆ2TN ] + dymdym, (30)
R× (Eguchi− Hanson) : ds2 = [−dt2 + dsˆ2EH ] + dymdym
where dsˆ2TN and dsˆ
2
EH denote the Taub-NUT [18] and Eguchi-Hanson [19] “gravitational
instantons” satisfying the Ricci-flat 4-dimensional worldspace metric and obeying (anti)
self-dual worldspace Riemann curvature tensor.
Now, this completes the construction of Ricci-flat, extremal p-brane solutions in supergravity
theories. Eventually, we shall be interested in the explicit construction of SU(2) Yang-Mills
instanton solutions in the background geometry of a stack of two coincident probe D4-brane
worldspaces particularly when the metric of target spacetime in which the probe branes are
embedded is given by the Ricci-flat, magnetic extremal 4-brane solution in type IIA theory
with its worldspace metric being given by that of Taub-NUT or Eguchi-Hanson gravita-
tional instanton. And then we shall demonstrate that with this YM instanton-gravitational
instanton configuration on the probeD4-branes’ worldvolume, the energy of the probe branes
attains its minimum value and hence enjoys stable state provided one employs the Tseytlin’s
non-abelian DBI action [4] for the description of multiple probe D-branes.
III. Non-abelian DBI action which “knows” energy-minimizing
worldvolume solitons
In general, the abelian Dirac-Born-Infeld (DBI) action describing the low energy dynam-
ics of a single probe Dp-brane is given by [1]
SADBI =
1
(2π)p(α′)
p+1
2
∫
dp+1xe−Φ
√
det [gµν + 2πα′(B + F )µν ] (31)
where Tp ≡ (1/(2π)p(α′)(p+1)/2) is the brane tension and inside the square root, |det [gµν +
2πα′(B+F )µν ]|, i.e., its absolute value is understood. Φ is the dilaton field and Bµν and gµν
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are the “pullbacks” of bulk NS-NS antisymmetric tensor gauge field and the target spacetime
metric to the probe brane respectively in the sense, say, that
gµν = GMN
∂XM
∂xµ
∂XN
∂xν
|brane = Gµν + ∂µφm∂νφm (32)
where again µ, ν = 0, 1, ...p andm = (p+1), ...(D−1) denote the indices for longitudinal and
transverse coordinates to the brane as before and we identified the “worldvolume scalars” as
φm ≡ ym representing the excitations of the brane along directions transverse to the brane
worldvolume. Hereafter, however, we shall only consider the case when no worldvolume
scalars are excited, i.e., φm = 0 for allm = (p+1), ...(D−1). Thus one may assume gµν = Gµν
throughout. Fµν is the U(1) gauge field strength living on the brane that represents the
fluctuations of the brane along longitudinal directions. Thus it should not be confused with
the R-R tensor gauge field strength in the previous section. Note also that in this expression
for the DBI action above, we fixed the worldvolume reparametrization invariance by taking
the physical “static” gauge in which the worldvolume parameters {σµ} are identified with
the first (p+ 1) target spacetime coordinates
σµ = xµ, (µ = 0, ...p). (33)
We now consider the target spacetime with geometry given by that of the p-brane solu-
tion arising in various supergravity theories such as the D = 11 SUGRA or D = 10 type
IIA/IIB (non-dilatonic) SUGRA. And particularly, consider the source p-brane solutions as
the “Ricci-flat” solutions we discussed in the previous section given by
ds2 = GMNdX
MdXN (34)
= H−4d˜/∆(D−2)(r)[γµν(x)dx
µdxν ] +H4d/∆(D−2)(r)dymdym
with H(r) = 1 +
k
rd˜
. (35)
Namely, we consider a test probe Dp-brane in the background of Ricci-flat source p-brane
geometry. Then the pullback of this target spacetime metric GMN to the probe Dp-brane
worldvolume is
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gµν = GMN
∂XM
∂xµ
∂XN
∂xν
= H−4d˜/∆(D−2)(r0)γµν(x). (36)
Further, we may take a (non-coordinte) orthonormal basis for this (p+ 1)-dimensional Dp-
brane worldvolume, i.e., ea = eaµdx
µ such that gµν = ηabe
a
µe
b
ν . Then the tetrad components
of the worldvolume gauge field is
Fab = Fµνe
µ
ae
ν
b , or inversly Fµν = Fabe
a
µe
b
ν (37)
then obviously
F 2 = FµνF
µν = FabF
ab, F · F˜ = FµνF˜ µν = FabF˜ ab,
F˜ 2 = F˜µνF˜
µν = F˜abF˜
ab, etc. (38)
Particularly, therefore, if we turn off the dilaton Φ(x) and the NS-NS gauge field Bµν(x),
the DBI action, in terms of the tetrad components of the tensor fields involved, takes the
form
SADBI = Tp
∫
dp+1x[
√
g −
√
det (gµν + Fµν)] (39)
= Tp
∫
dp+1x
√
g[1−
√
det (ηab + Fab)]
for a single probe Dp-brane with abelian worldvolume gauge field. Note that here we ab-
sorbed the factor 2πα′ into the redefinition of Fµν and added a constant term correspond-
ing to the Lagrangian density ∼ Tp√g to the DBI action and used det (gµν + Fµν) =
det (eaµe
b
ν)det (ηab + Fab) = g det (ηab + Fab).
We now generalize our discussion to the case of a stack of N -coincident probe Dp-branes.
Then following the argument of Witten [3], non-abelian SU(N) gauge theory should provide
a good description of the relevant low energy dynamics of N -coincident Dp-branes and hence
the non-abelian generalization of a multiple Dp-brane DBI action with SU(N) worldvolume
gauge field may be taken as
SADBI = Tp
∫
dp+1x
√
g{Tr, Str, (Str + i Atr)}[I −
√
det (ηab + Fab)] (40)
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where I is the unit SU(N) matrix and now Fab = F
A
abT
A with TA (A = 1, 2, ...(N2 − 1))
being the SU(N) generators. Of course, here, the “traces” are over the group indices to
make the DBI action a group scalar and we defined
Str(M1...Mn) ≡ 1
n!
ΣpiTr(Mpi(1)...Mpi(n)), (41)
Atr(M1...Mn) ≡ 1
n!
Σpi(−1)piTr(Mpi(1)...Mpi(n))
and the factor “i” in (Str + i Atr) is introduced since the basis of the group algebra is
Hermitian. And among the different choices for the trace operations, Tr[...] can be found in
Polchinski’s review article on D-branes [1], Str[...] was proposed by Tseytlin [4], and lastly
(Str + i Atr)[...] has been suggested by Argyres and Nappi [5]. And in the most general
sense, concerning the question as to what the correct generalization of the DBI action to
the non-abelian case is (i.e., which specific trace operation one should take), the issue seems
to be somewhat ambiguous. Nevertheless, here it will be argued that the Str[...] proposal
put forward by Tseytlin is indeed singled out by noting that with this choice, the non-
abelian DBI action “knows” about energy-minimizing BPS states, or worldvolume solitons.
The following argument is taken directly from [10,11] and as was pointed out there, it can
be made explicit by taking the D4-brane for example. Note that for D4-brane case, the
worldvolume is (p + 1) = 5-dimensional and hence the spacetime determinant of the DBI
action can be computed as [10]
|det (ηab + Fab)| = −det (ηabI + Fab) (42)
= I +
1
2
F 2 +
1
3
F 3 − 1
4
[F 4 − 1
2
(F 2)2] +
1
5
F 5 +
1
12
(F 2F 3 + F 3F 2)
where F 2 = FabF
ab, F 3 = FabF
bcF ac , F
4 = FabF
bcFcdF
da, and F 5 = FabF
bcFcdF
deF ae . In
the abelian case, all the odd powers of Fab vanish but this is not true for the case at hand.
Besides, since the complete DBI action involves [−det (ηabI + Fab)]1/2, we need to evaluate
the binomial expansion of above expression which would obviously results in an infinite series
containing terms of both even and odd powers of Fab. And the trace operation should be
taken “after” this binomial series expansion. Then the important properties of the Str and
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Atr operations is that they pick out just the even and odd powers of Fab respectively. This
point is clear if one takes the SU(2) case for example and moreover, at least to the first few
orders, the same will apply to the cross terms generated by the binomial expansion ; that is,
e.g., Str(F 2F 3) = Str(F 2F 5) = 0. Generally speaking, therefore, the non-abelian version of
DBI action with “Str” can be written as a sum of even powers of Fab alone, whereas that with
“Tr” or “Atr” would involve odd powers of Fab as well. Indeed this point was the motivation
behind Tseytlin’s proposal. Since odd powers of Fab can be written in terms of derivatives
of Fab, i.e., F
3 ∼ [F, F ]F ∼ [D,D]F , they, Tseytlin thought, should not appear in non-
abelian DBI theory action just as the abelian DBI action does not involve derivatives of the
field strength. Thus Tseytlin was led to define the non-abelian DBI action in terms of “Str”
operation alone so that it depends only on even powers of Fab. Having reviewed the nature of
Tseytlin’s proposal for the non-abelian DBI action, we now provide an evidence that strongly
supports Tseytlin’s action by invoking the argument concerning the energy-minimizing BPS
states or worldvolume solitons. Here, in this work, we are particularly interested in the
“instantons in D4-branes” and thus we consider static configurations of D4-branes with no
worldvolume scalars being excited. Then Fα0 = Eα = 0 (where a, b = 0, 1, ...p = 4 are
worldvolume and α, β = 1, ...4 are worldspace indices respectively) and hence
− det (ηabI + Fab) = −(η00)det (ηαβI + Fαβ)
= 1 +
1
4
FαβF
αβ +
1
4
F˜αβF˜
αβ +
1
16
(FαβF˜
αβ)2 (43)
=
(
1± 1
4
FαβF˜
αβ
)2
+
1
4
(
Fαβ ∓ F˜αβ
)2
.
Note, here, that F˜αβ = ǫαβλσF
λσ/2 is the Hodge dual of Fαβ with respect to the worldspace
indices only. Therefore, Tseytlin’s non-abelian DBI action for the static configurations of a
D4-brane becomes
LDBI = T4
√
gStr[I −
√
det (ηab + Fab)] (44)
= T4
√
gStr

I −
√(
I ± 1
4
F · F˜
)2
+
1
4
|F ∓ F˜ |2


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where to get the expression in the second line, use has been made of the symmetry properties
of the “Str” operation. That is, since the symmetric trace will be taken only at the end,
during the course of calculation, the matrices Fαβ = (F
A
αβT
A) can be treated as if they
were “abelian” until the last at which point the non-commuting group generators can be
re-inserted. And of course, this scheme can be justified only if we employ Tseytlin’s “Str”
proposal in which one can effectively assume AB = BA. Obviously, therefore, one would
never get the expression in the second line above for the non-abelian DBI action if he
or she employed other trace operations such as “Tr” or “Atr”. Then what is so special
about this last expression for the non-abelian DBI action ? Notice that for the (anti) self-
dual non-abelian gauge field configuration having Fαβ = ±F˜αβ , the determinant can be
written as a “complete square” linearizing the DBI action and then turning it into that
of usual Yang-Mills theory. What is more, since we are dealing with static configurations,
the energy density of the D4-brane is just HDBI = −LDBI , which gets minimized if and
only if Fαβ = ±F˜αβ . Thus the BPS condition, or the (anti) self-duality of non-abelian
gauge theory instanton solution at once linearizes the otherwise highly non-linear DBI action
and minimizes the energy of the D4-brane provided Tseytlin’s non-abelian DBI action is
employed [10,11].
Before closing, a cautious comment might be relevant to eliminate a possible confusion. It
might seem as if we simply put the non-abelian gauge field configuration having Fαβ = ±F˜αβ
by hand into LDBI = −HDBI and then announce naively that, if one does so, the DBI action
linearizes and the Hamiltonian gets minimized. What happens, however, is that the YM
gauge field having Fαβ = ±F˜αβ , or the BPS condition, is indeed a solution to the Euler-
Lagrange’s equation of motion that results from the DBI action provided one employs the
Tseytlin’s action much as the same BPS condition automatically implies the linear gauge
field equation in ordinary YM gauge theory. To see this, consider that generally the (non-
abelian) gauge field Aµ (µ = 0, ...4) living on the worldvolume and the worldvolume scalar
φm = ym (m = 5, ...9) represent the excitations of the probe D4-brane along directions
longitudinal and transverse to the worldvolume. Thus in principle, both Aµ and φ
m are
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to be dynamically determined by solving the Euler-Lagrange’s equation of motion that can
be obtained by extremizing the DBI action. Now the expression for the DBI action for a
probe D4-brane given in eq.(44) holds for the case with no worldvolume scalars and static
configurations (provided the Tseytlin’s action is adopted) and manifestly it gets extremized
for Fαβ = ±F˜αβ . Namely, the non-abelian gauge field configuration having the (anti) self-
dual field strength is itself the saddle point of the DBI action satisfying the associated
Euler-Lagrange’s equation of motion. Thus in order to demonstrate that this procedure
can actually work, the actual question would be whether or not one can construct, say,
SU(2) Yang-Mills instanton solution having (anti) self-dual field strength in the background
of Ricci-flat D4-brane worldspace with metric given, say, by 4-dimensional gravitational
instantons. The answer is, as we shall see in the next section, “yes”.
IV. YM instantons in gravitational instanton backgrounds
Here in this section, eventually in order to construct the SU(2) YM instanton solutions
particularly in the background of TN and EH gravitational instantons, we begin by present-
ing a “simply physical” and hence perhaps the most direct algorithm for generating the YM
instanton solutions practically in all species of known GI [16]. As we shall see in a moment,
the essence of this method lies in writing the (anti) self-dual YM equation by employing
truly relevant ansa˝tz for the YM gauge connection and then directly solving it. After pre-
senting the general formulation describing the algorithm, we shall apply the algorithm to
the case of the TN and the EH metrics, the two best-known GI. As we shall discuss later on
in the Appendix, interestingly the solutions to (anti) self-dual YM equation turn out to be
the rather exotic type of instanton configurations which are everywhere non-singular having
finite YM action but sharing some features with meron solutions [20] such as their typical
structure and generally fractional topological charge values carried by them. Namely, the
YM instanton solution that we shall discuss in the background of GI in this work exhibit
characteristics which are mixture of those of typical instanton and typical meron. This seems
remarkable since it is well-known that in flat spacetime, meron does not solve the 1st order
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(anti) self-dual equation although it does the 2nd order YM field equation and is singular
at its center and has divergent action.
In the loose sense, GI may be defined as a positive-definite metrics gµν on a complete and
non-singular manifold satisfying the Euclidean Einstein equations and hence constituting
the stationary points of the gravity action in Euclidean path integral for quantum gravity.
There are several solutions to Euclidean Einstein equations that can fall into the category
of the GI of this sort. But in the stricter sense [21], they are the metric solutions to the
Euclidean Einstein equations having (anti) self-dual Riemann tensor
R˜abcd =
1
2
ǫ efab Refcd = ±Rabcd (45)
(say, with indices written in non-coordinate orthonormal basis) and include only two families
of solutions in a rigorous sense ; the TN metric [18] and the EH instanton [19]. Recall that
we are mainly interested in the explicit construction of SU(2) YM instanton solutions in
the background of a probe D4-brane worldspace geometry particularly when the metric of
target spacetime in which the probe brane is embedded is given by the Ricci-flat, magnetic
extremal 4-brane solution in type IIA theory with its worldspace metric being given by that
of TN or EH GI. Thus in this section, we shall be interested exclusively in the construction
of YM instantons in the background of these two GI satisfying the rigorous definition.
We now begin with the action governing our system, i.e., the Einstein-Yang-Mills (EYM)
theory given by
IEYM =
∫
M
d4x
√
g
[ −1
16π
R +
1
4g2c
F aµνF
aµν
]
−
∫
∂M
d3x
√
h
1
8π
K (46)
where F aµν is the field strength of the YM gauge field A
a
µ with a = 1, 2, 3 being the SU(2)
group index and gc being the gauge coupling constant. The Gibbons-Hawking term on the
boundary ∂M of the manifold M is also added and h is the metric induced on ∂M and K
is the trace of the second fundamental form on ∂M . Then by extremizing this action with
respect to the metric gµν and the YM gauge field A
a
µ, one gets the following classical field
equations respectively
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Rµν − 1
2
gµνR = 8πTµν ,
Tµν =
1
g2c
[
F aµαF
aα
ν −
1
4
gµν(F
a
αβF
aαβ)
]
, (47)
Dµ [
√
gF aµν ] = 0, Dµ
[√
gF˜ aµν
]
= 0
where we added Bianchi identity in the last line and F aµν = ∂µA
a
ν − ∂νAaµ + ǫabcAbµAcν ,
Dacµ = ∂µδ
ac + ǫabcAbµ and Aµ = A
a
µ(−iT a), Fµν = F aµν(−iT a) with T a = τa/2 (a = 1, 2, 3)
being the SU(2) generators and finally F˜µν =
1
2
ǫ αβµν Fαβ is the (Hodge) dual of the field
strength tensor. We now seek solutions (gµν , A
a
µ) of the coupled EYM equations given
above in Euclidean signature obeying the (anti) self-dual equation in the YM sector
F µν = gµλgνσFλσ = ±1
2
ǫµναβc Fαβ (48)
where ǫµναβc = ǫ
µναβ/
√
g is the curved spacetime version of totally antisymmetric tensor. As
was noted in [13,14,16], in Euclidean signature, the YM energy-momentum tensor vanishes
identically for YM fields satisfying this (anti) self-duality condition. This point is of central
importance and can be illustrated briefly as follows. Under the Hodge dual transforma-
tion, F aµν → F˜ aµν , the YM energy-momentum tensor Tµν given in eq.(47) above is invari-
ant normally in Lorentzian signature. In Euclidean signature, however, its sign flips, i.e.,
T˜µν = −Tµν . As a result, for YM fields satisfying the (anti) self-dual equation in Euclidean
signature such as the instanton solution, F aµν = ±F˜ aµν , it follows that Tµν = −T˜µν = −Tµν ,
namely the YM energy-momentum tensor vanishes identically, Tµν = 0. This, then, indi-
cates that the YM field now does not disturb the geometry while the geometry still does
have effects on the YM field. Consequently the geometry, which is left intact by the YM
field, effectively serves as a “background” spacetime which can be chosen somewhat at our
will (as long as it satisfies the vacuum Einstein equation Rµν = 0) and here in this work, we
take it to be the gravitational instanton. Loosely speaking, all the typical GI, including TN
metric and EH solution, possess the same topology R×S3 and similar metric structures. Of
course in a stricter sense, their exact topologies can be distinguished, say, by different Euler
numbers and Hirzebruch signatures [21]. Particularly, in terms of the concise basis 1-forms,
24
the metrics of these GI can be written as [21,22]
ds2 = c2rdr
2 + c21
(
σ21 + σ
2
2
)
+ c23σ
2
3
= c2rdr
2 +
3∑
a=1
c2a (σ
a)2 = eA ⊗ eA (49)
where cr = cr(r), ca = ca(r), c1 = c2 6= c3 and the orthonormal basis 1-form eA is given by
eA =
{
e0 = crdr, e
a = caσ
a
}
(50)
and {σa} (a = 1, 2, 3) are the left-invariant 1-forms satisfying the SU(2) Maurer-Cartan
structure equation
dσa = −1
2
ǫabcσb ∧ σc. (51)
They form a basis on the S3 section of the geometry and hence can be represented in terms
of 3-Euler angles 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, and 0 ≤ ψ ≤ 4π parametrizing S3 as
σ1 = − sinψdθ + cosψ sin θdφ,
σ2 = cosψdθ + sinψ sin θdφ, (52)
σ3 = −dψ − cos θdφ.
Now in order to construct exact YM instanton solutions in the background of these GI, we
now choose the relevant ansa˝tz for the YM gauge potential and the SU(2) gauge fixing. And
in doing so, our general guideline is that the YM gauge field ansa˝tz should be endowed with
the symmetry inherited from that of the background geometry, the GI. Thus we first ask
what kind of isometry these GI possess. As noted above, typical GI, including the TN and
the EH metrics, possess the topology of R×S3. The geometrical structure of the S3 section,
however, is not that of perfectly “round” S3 but rather, that of “squashed” S3. In order to
get a closer picture of this squashed S3, we notice that the r =constant slices of these GI
can be viewed as U(1) fibre bundles over S2 ∼ CP 1 with the line element
dΩ23 = c
2
1
(
σ21 + σ
2
2
)
+ c23σ
2
3 = c
2
1dΩ
2
2 + c
2
3 (dψ +B)
2 (53)
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where dΩ22 = (dθ
2 + sin2 θdφ2) is the metric on unit S2, the base manifold whose volume
form Ω2 is given by Ω2 = dB as B = cos θdφ and ψ then is the coordinate on the U(1)∼ S1
fibre manifold. Now then the fact that c1 = c2 6= c3 indicates that the geometry of this
fibre bundle manifold is not that of round S3 but that of squashed S3 with the squashing
factor given by (c3/c1). And further, it is squashed along the U(1) fibre direction. Thus
this failure for the geometry to be that of exactly round S3 keeps us from writing down the
associated ansa˝tz for the YM gauge potential right away. Apparently, if the geometry were
that of round S3, one would write down the YM gauge field ansa˝tz as Aa = f(r)σa [14,16]
with {σa} being the left-invariant 1-forms introduced earlier. The rationale for this choice
can be stated briefly as follows. First, since the r =constant sections of the background
space have the geometry of round S3 and hence possess the SO(4)-isometry, one would
look for the SO(4)-invariant YM gauge connection ansa˝tz as well. Next, noticing that both
the r =constant sections of the frame manifold and the SU(2) YM group manifold possess
the geometry of round S3, one may naturally choose the left-invariant 1-forms {σa} as the
“common” basis for both manifolds. Thus this YM gauge connection ansa˝tz, Aa = f(r)σa
can be thought of as a hedgehog-type ansa˝tz where the group-frame index mixing is realized
in a simple manner [14,16]. Then coming back to our present interest, namely the GI given
in eq.(49), in r =constant sections, the SO(4)-isometry is partially broken down to that of
SO(3) by the squashedness along the U(1) fibre direction to a degree set by the squashing
factor (c3/c1). Thus now our task became clearer and it is how to encode into the YM gauge
connection ansa˝tz this particular type of SO(4)-isometry breaking coming from the squashed
S3. Interestingly, a clue to this puzzle can be drawn from the work of Eguchi and Hanson
[23] in which they constructed abelian instanton solution in Euclidean TN metric (namely
the abelian gauge field with (anti)self-dual field strength with respect to this metric). To
get right to the point, the working ansa˝tz they employed for the abelian gauge field to
yield (anti)self-dual field strength is to align the abelian gauge connection 1-form along the
squashed direction, i.e., along the U(1) fibre direction, A = g(r)σ3. This choice looks quite
natural indeed. After all, realizing that embedding of a gauge field in a geometry with high
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degree of isometry is itself an isometry (more precisly isotropy)-breaking action, it would
be natural to put it along the direction in which part of the isometry is already broken.
Finally therefore, putting these two pieces of observations carefully together, now we are in
the position to suggest the relevant ansa˝tz for the YM gauge connection 1-form in these GI
and it is
Aa = f(r)σa + g(r)δa3σ3 (54)
which obviously would need no more explanatory comments except that in this choice of the
ansa˝tz, it is implicitly understood that the gauge fixing Ar = 0 is taken. From this point
on, the construction of the YM instanton solutions by solving the (anti)self-dual equation
given in eq.(48) is straightforward. To sketch briefly the computational algorithm, first we
obtain the YM field strength 2-form (in orthonormal basis) via exterior calculus (since the
YM gauge connection ansa˝tz is given in left-invariant 1-forms) as F a = (F 1, F 2, F 3) where
F 1 =
f ′
crc1
(e0 ∧ e1) + f [(f − 1) + g]
c2c3
(e2 ∧ e3),
F 2 =
f ′
crc2
(e0 ∧ e2) + f [(f − 1) + g]
c3c1
(e3 ∧ e1), (55)
F 3 =
(f ′ + g′)
crc3
(e0 ∧ e3) + [f(f − 1)− g]
c1c2
(e1 ∧ e2)
from which we can read off the (anti)self-dual equation to be
± f
′
crc1
=
f [(f − 1) + g]
c2c3
, ± (f
′ + g′)
crc3
=
[f(f − 1)− g]
c1c2
(56)
where “+” for self-dual and “−” for anti-self-dual equation and we have only a set of two
equations as c1 = c2. The specifics of different GI are characterized by particular choices of
the orthonormal basis eA = {e0 = crdr, ea = caσa}. Thus next, for each GI (i.e., for each
choice of eA), we solve the (anti) self-dual equation in (56) for ansa˝tz functions f(r) and g(r)
and finally from which the YM instanton solutions in eq.(54) and their (anti)self-dual field
strength in eq.(55) can be obtained. We now present the solutions obtained by applying the
algorithm introduced here to the two best-known GI, the TN and the EH metrics.
(I) YM instanton in Taub-NUT metric background
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The TN GI solution written in the metric form given in eq.(49) amounts to
cr =
1
2
[
r +m
r −m
]1/2
, c1 = c2 =
1
2
[
r2 −m2
]1/2
, c3 = m
[
r −m
r +m
]1/2
and it is a solution to Euclidean vacuum Einstein equation Rµν = 0 for r ≥ m with self-dual
Riemann tensor. The apparent singularity at r = m can be removed by a coordinate redef-
inition and is a ‘nut’ (in terminology of Gibbons and Hawking [22]) at which the isometry
generated by the Killing vector (∂/∂ψ) has a zero-dimensional fixed point set. And this TN
instanton is an asymptotically-locally-flat (ALF) metric.
It turns out that only the anti-self-dual equation F a = −F˜ a admits a non-trivial solution
and it is Aa = (A1, A2, A3) where
A1 = ±2(r −m)
1/2
(r +m)3/2
e1, A2 = ±2(r −m)
1/2
(r +m)3/2
e2, A3 =
(r + 3m)
m
(r −m)1/2
(r +m)3/2
e3 (57)
and F a = (F 1, F 2, F 3) where
F 1 = ± 8m
(r +m)3
(
e0 ∧ e1 − e2 ∧ e3
)
, F 2 = ± 8m
(r +m)3
(
e0 ∧ e2 − e3 ∧ e1
)
,
F 3 =
16m
(r +m)3
(
e0 ∧ e3 − e1 ∧ e2
)
. (58)
It is interesting to note that this YM field strength and the Ricci tensor of the background
TN GI are proportional as |F a| = 2|R0a| except for opposite self-duality, i.e.,
R01 = −R23 =
4m
(r +m)3
(
e0 ∧ e1 + e2 ∧ e3
)
, R02 = −R31 =
4m
(r +m)3
(
e0 ∧ e2 + e3 ∧ e1
)
,
R03 = −R12 = −
8m
(r +m)3
(
e0 ∧ e3 + e1 ∧ e2
)
. (59)
(II) YM instanton in Eguchi-Hanson metric background
The EH GI solution amounts to
cr =
[
1−
(
a
r
)4]−1/2
, c1 = c2 =
1
2
r, c3 =
1
2
r
[
1−
(
a
r
)4]1/2
and again it is a solution to Euclidean vacuum Einstein equation Rµν = 0 for r ≥ a with
self-dual Riemann tensor. r = a is just a coordinate singularity that can be removed
by a coordinate redefinition provided that now ψ is identified with period 2π rather than
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4π and is a ‘bolt’ (in terminology of Gibbons and Hawking [22]) where the action of the
Killing field (∂/∂ψ) has a two-dimensional fixed point set. Besides, this EH instanton is an
asymptotically-locally-Euclidean (ALE) metric.
In this time, only the self-dual equation F a = +F˜ a admits a non-trivial solution and it is
Aa = (A1, A2, A3) where
A1 = ±2
r
[
1−
(
a
r
)4]1/2
e1, A2 = ±2
r
[
1−
(
a
r
)4]1/2
e2, A3 =
2
r
[
1 +
(
a
r
)4]
[
1−
(
a
r
)4]1/2 e3 (60)
and F a = (F 1, F 2, F 3) where
F 1 = ± 4
r2
(
a
r
)4 (
e0 ∧ e1 + e2 ∧ e3
)
, F 2 = ± 4
r2
(
a
r
)4 (
e0 ∧ e2 + e3 ∧ e1
)
,
F 3 = − 8
r2
(
a
r
)4 (
e0 ∧ e3 + e1 ∧ e2
)
. (61)
Again it is interesting to realize that this YM field strength and the Ricci tensor of the
background EH GI are proportional as |F a| = 2|R0a|, i.e.,
R01 = −R23 =
2
r2
(
a
r
)4 (
−e0 ∧ e1 + e2 ∧ e3
)
, R02 = −R31 =
2
r2
(
a
r
)4 (
−e0 ∧ e2 + e3 ∧ e1
)
,
R03 = −R12 = −
4
r2
(
a
r
)4 (
−e0 ∧ e3 + e1 ∧ e2
)
. (62)
The detailed anaysis of the nature of these solutions to the (anti) self-dual YM equation in
the background of TN and EH GI constructed thus far will be given in the Appendix.
V. Concluding remarks
In the present work, we were interested in the explicit construction of SU(2) Yang-Mills
instanton solutions in the background geometry of a stack of two coincident probe D4-brane
worldspaces particularly when the metric of target spacetime in which the probe branes
are embedded is given by the Ricci-flat, magnetic extremal 4-brane solution in type IIA
theory with its worldspace metric being given by that of TN or EH gravitational instanton.
This D4-brane worldvolume soliton configuration was of particular interest since with this
YM instanton-gravitational instanton system on a probe D4-brane worldvolume, the energy
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of the probe brane attains its minimum value and hence enjoys stable state provided one
employs the Tseytlin’s non-abelian DBI action for the description of multiple probe D-
branes. Here, for a pile of generally N non-coincident Ricci-flat D4-branes embedded in
a target spacetime with metric given by that of TN or EH GI, it does not appear to be
totally clear whether the metric induced on the probe branes’ worldspaces is that of multi-
centered TN or EH GI or just that of a single TN or EH uniformly for each brane. If
it were that of multi-centered TN or EH GI [11,24], then the SU(N) instanton solutions
constructed on them should be the multi-instanton solutions as well and would add more
technical complexity to our consideration. Even in this case, however, if we confine our
interest to the case of a stack of N coincident D4-branes, then things will become simpler.
That is, for a stack of N coincident D4-branes, the centers of the N GI would merge
and as a result, the metric of the N coincident D4-branes’ worldspaces would coalesce to
become that of a single GI. Therefore, as far as the case of the stack of two coincident Ricci-
flat D4-branes is concerned, the corresponding worldvolume soliton configuration would be
properly described by the single SU(2) YM instanton constructed on a single-centered TN or
EH GI geometry background that we discussed in the previous section. Thus regarding the
interesting observation that the BPS condition, or the (anti) self-duality of non-abelian gauge
theory instanton solution at once linearizes the otherwise highly non-linear DBI action and
minimizes the energy of the probe D4-branes (provided Tseytlin’s non-abelian DBI action is
employed), here in this work we have actually demonstrated that this procedure can actually
work by constructing in an explicit manner the SU(2) YM instanton solution having (anti)
self-dual field strength in the background of Ricci-flat D4-branes’ worldspaces with metrics
given by two best-known 4-dimensional gravitational instantons, TN and EH metrics.
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Appendix : Analysis of the nature of solutions in sect.IV
In this Appendix, we would like to examine the nature of the solutions to (anti) self-dual
YM equation in the background of TN and EH GI discussed in sect.IV. First, recall that
the relevant ansa˝tz for the YM gauge connection is of the form Aa = f(r)σa + g(r)δa3σ3 in
the TN and EH GI backgrounds with topology of R × (squashed)S3. Here, however, the
physical interpretation of the nature of YM gauge potential solutions Aa is rather unclear
when they are expressed in terms of these left-invariant 1-forms {σa} or the orthonormal
basis eA in eq.(50). Thus in order to get a better insight into the physical meaning of the
structure of these YM connection ansa˝tz, we now try to re-express the left-invariant 1-forms
{σa} forming a basis on S3 in terms of more familiar Cartesian coordinate basis. And this
can be achieved by first relating the polar coordinates (r, θ, φ, ψ) to Cartesian (t, x, y, z)
coordinates (note, here, that t is not the usual “time” but just another spacelike coordinate)
given by [21]
x+ iy = r cos
θ
2
exp [
i
2
(ψ + φ)], z + it = r sin
θ
2
exp [
i
2
(ψ − φ)], (63)
where x2+y2+z2+ t2 = r2 which is the equation for S3 with radius r. From this coordinate
transformation law, one now can relate the non-coordinate basis to the Cartesian coordinate
basis as 

dr
rσx
rσy
rσz


=
1
r


x y z t
−t −z y x
z −t −x y
−y x −t z




dx
dy
dz
dt


(64)
where {σx = −σ1/2, σy = −σ2/2, σz = −σ3/2}. Still, however, the meaning of YM gauge
connection ansa˝tz rewritten in terms of the Cartesian coordinate basis dxµ = (dt, dx, dy, dz)
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as above does not look so apparent. Thus we next introduce the so-called ‘tHooft tensor
[6,21] defined by
ηaµν = −ηaνµ = (ǫ0aµν + 1
2
ǫabcǫbcµν). (65)
Then the left-invariant 1-forms can be cast to a more concise form σa = 2ηaµν(x
ν/r2)dxµ.
Therefore, the YM instanton solution, in Cartesian coordinate basis, can be written as
Aa = Aaµdx
µ = 2
[
f(r) + g(r)δa3
]
ηaµν
xν
r2
dxµ (66)
in the background of TN and EH GI with topology of R × (squashed)S3. Now in order
to appreciate the meaning of this structure, we go back to the flat space situation. As is
well-known, the standard BPST [12] SU(2) YM instanton solution in flat space takes the
form Aaµ = 2η
a
µν [x
ν/(r2+λ2)] with λ being the size of the instanton while the meron solution
which is another non-trivial solution to the second order YM field equation found long ago
by De Alfaro, Fubini, and Furlan [20] takes the form Aaµ = η
a
µν(x
ν/r2). Since the pure
(vacuum) gauge having vanishing field strength is given by Aaµ = 2η
a
µν(x
ν/r2), the standard
instanton solution interpolates between the trivial vacuum Aaµ = 0 at r = 0 and another
vacuum represented by this pure gauge above at r → ∞ and the meron solution can be
thought of as a “half a vacuum gauge”. Unlike the instanton solution, however, the meron
solution only solves the second order YM field equation and fails to solve the first order
(anti) self-dual equation. As is apparent from their structures given above, the meron is
an unstable solution in that it is singular at its center r = 0 and at r = ∞ while the
ordinary instanton solution exhibits no singular behavior. As was pointed out originally by
De Alfaro et al. [20], in contrast to instantons whose topological charge density is a smooth
function of x, the topological charge density of merons vanishes everywhere except at its
center, i.e., the singular point, such that its volume integral is half unit of topological charge
1/2. And curiously enough, half-integer topological charge seems to be closely related to
the confinement in the Schwinger model [25]. It is also amusing to note that a “time slice”
through the origin, i.e., x0 = 0 of the meron configuration yields a SU(2) Wu-Yang monopole
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[25]. Lastly, the Euclidean meron action diverges logarithmically and perhaps needs some
regularization whereas the standard YM instanton has finite action.
Thus we are led to the conclusion that the YM instanton solution in typical GI backgrounds
possess the structure of (curved space version of) meron at large (but finite) r. As is
well-known, in flat spacetime meron does not solve the 1st order (anti) self-dual equation
although it does the second order YM field equation. Thus in this sense, this result seems
remarkable since it implies that in the GI backgrounds, the (anti) self-dual YM equation
admits solutions which exhibit the configuration of meron solution at large r in contrast to
the flat spacetime case. And we only conjecture that when passing from the flat (R4) to GI
(R × S3) geometry, the closure of the topology of part of the manifold appears to turn the
structure of the instanton solution from that of standard BPST into that of meron. The
concrete form of the YM instanton solutions in each of these GI backgrounds written in
terms of Cartesian coordinate basis as in eq.(66) will be given below after we comment on
one more thing to which we now turn to.
Namely, we would like to investigate the topological charge values of these solutions. It has
been pointed out in the literature that both in the background of Euclidean Schwarzschild
geometry [13] and in the Euclidean de Sitter space [14], the (anti) instanton solutions have
the Pontryagin index of ν[A] = ±1 and hence give the contribution to the (saddle point
approximation to) intervacua tunnelling amplitude of exp [−8π2/g2c ], which, interestingly,
are the same as their flat space counterparts even though these curved space YM instanton
solutions do not correspond to gauge transformations of any flat space instanton solution
[12]. This unexpected and hence rather curious property, however, turns out not to persist
in YM instantons in these GI backgrounds we studied here. In order to see this, we begin
with the careful definition of the Pontryagin index or second Chern class in the presence of
the non-trivial background geometry of GI.
Consider that we would like to find an index theorem for the manifold (M) with boundary
(∂M). Namely, we now need an extended version of index theorem with boundary. To this
question, an appropriate answer has been provided by Atiyah, Patodi, and Singer (APS)
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[26]. According to their extended version of index theorem, the total index, say, of a given
geometry and of a gauge field receives contributions, in addition to that from the usual bulk
term (V (M)), from a local boundary term (S(∂M)) and from a non-local boundary term
(ξ(∂M)). The bulk term is the usual term appearing in the ordinary index theorem without
boundary and involves the integral over M of terms quadratic in curvature tensor of the
geometry and in field strength tensor of the gauge field. The local boundary term is given by
the integral over ∂M of the Chern-Simons forms for both the geometry and the gauge field
while the non-local boundary term is given by a constant times the “APS η-invariant” [21]
of the boundary. And this last non-local boundary term becomes relevant and meaningful
when Dirac spinor field is present and interacts with the geometry and the gauge field. Now
specializing to the case at hand in which we are interested in the evaluation of the instanton
number or the second Chern class of the YM gauge field alone, we only need to pick up the
terms in the gauge sector in this APS index theorem which reads [21]
ν[A] = Ch2(F ) =
−1
8π2
[
∫
M=R×S3
tr(F ∧ F )−
∫
∂M=S3
tr(α ∧ F )|r=r0] (67)
where α ≡ (A − A′) is the “second fundamental form” at the boundary r = r0 and by
definition [21] A′ has only tangential components on the boundary ∂M = S3. Recall,
however, that our choice of ansa˝tz for the YM gauge connection involves the gauge fixing
Ar = 0 as we mentioned earlier. Namely, both A and A
′ possess only tangential components
(with respect to the r = r0 boundary) at any r = r0 and hence α ≡ (A−A′) = 0 identically
there. As a result, even in the presence of the boundaries, the terms in the YM gauge
sector in the APS index theorem remain the same as in the case of index theorem with no
boundary, namely, only the bulk term survives in eq.(67) above. Thus what remains is just
a straightforward computation of this bulk term and it becomes easier when performed in
terms of orthonormal basis eA = {e0 = crdr, ea = caσa}, in which case,
tr(F ∧ F ) = 1
2
(F a ∧ F a) = 1
2
(
1
4
)ǫABCDF
a
ABF
a
CD
√
gd4x
= (F 101F
1
23 + F
2
02F
2
31 + F
3
03F
3
12)
√
gd4x, (68)
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∫
M=R×S3
d4x
√
g =
∫
R
dr(crc1c2c3)
∫ 4pi
0
dψ
∫ 2pi
0
dφ
∫ pi
0
dθ sin θ
= 16π2
∫
R
dr(crc1c2c3)
where we used
√
g = |dete| = crc1c2c3 sin θ. The period for the U(1) fibre coordinate ψ
for the EH metric, however, is 2π rather than 4π to remove the bolt singularity at r = a
as we mentioned earlier. This completes the description of the method for computing the
topological charge of each solution.
(1) YM instanton in Taub-NUT metric background
In terms of the ansa˝tz functions f(r) and g(r) for the YM gauge connection in GI back-
grounds given in eq.(54), the standard instanton solutions in TN metric amount to
f(r) =
(
r −m
r +m
)
, g(r) =
(
2m
r +m
)(
r −m
r +m
)
, (69)
f(r) = −
(
r −m
r +m
)
, g(r) = 2
(
r + 2m
r +m
)(
r −m
r +m
)
for self-dual and anti-self-dual YM equations respectively. Therefore, when expressed in
Cartesian coordinate basis as in eq.(66), the solutions take the forms
Aaµ = 2
(
r −m
r +m
) [
1 +
(
2m
r +m
)
δa3
]
ηaµν
xν
r2
, (70)
Aaµ = 2
(
r −m
r +m
) [
−1 + 2
(
r + 2m
r +m
)
δa3
]
ηaµν
xν
r2
for self-dual and anti-self-dual case respectively. Some comments regarding the features of
these solutions are now in order. i) They appear to be singular at the center r = 0 but it
should not be a problem as r ≥ m for the background TN metric and hence the point r = 0
is absent. ii) It is interesting to note that the solutions become vacuum gauge Aaµ = 0 at
the boundary r = m which has the topology of S3. iii) For r →∞, the solutions asymptote
to another vacuum gauge |Aaµ| = 2ηaµν(xν/r2).
We now turn to the computation of the topological charge, i.e., the Pontryagin index of
these YM solution. The relevant quantities involved in this computation are the ones in
eq.(68) and they, for the case at hand, are
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(crc1c2c3) =
m
8
(r2 −m2), (71)
F aµνF˜
aµν = 4(F 101F
1
23 + F
2
02F
2
31 + F
3
03F
3
12) = −24
(8m)2
(r +m)6
.
Thus we have
ν[A] =
( −1
32π2
)
16π2
∫ ∞
m
dr
m
8
(r2 −m2)
[
−24 (8m)
2
(r +m)6
]
= 1. (72)
(2) YM instanton in Eguchi-Hanson metric background
The standard instanton solutions in EH metric amount to
f(r) =
[
1−
(
a
r
)4]1/2
, g(r) =
[
1 +
(
a
r
)4]
−
[
1−
(
a
r
)4]1/2
, (73)
f(r) = −
[
1−
(
a
r
)4]1/2
, g(r) =
[
1 +
(
a
r
)4]
+
[
1−
(
a
r
)4]1/2
for self-dual and anti-self-dual YM equations respectively. Thus in Cartesian coordinate
basis, the solutions take the forms
Aaµ = 2


[
1−
(
a
r
)4]1/2
+


[
1 +
(
a
r
)4]
−
[
1−
(
a
r
)4]1/2 δa3

 ηaµν x
ν
r2
, (74)
Aaµ = 2

−
[
1−
(
a
r
)4]1/2
+


[
1 +
(
a
r
)4]
+
[
1−
(
a
r
)4]1/2 δa3

 ηaµν x
ν
r2
for self-dual and anti-self-dual cases respectively. Some comments regarding the features of
these solutions are now in order. i) Again, they appear to be singular at the center r = 0
but it should not be a problem as r ≥ a for the background EH metric and hence the point
r = 0 is absent. ii) The solutions become Aaµ = 4η
a
µνδ
a3(xν/r2) at the boundary r = a which
has the topology of S3/Z2. iii) For r → ∞, the solutions asymptote to the vacuum gauge
|Aaµ| = 2ηaµν(xν/r2).
We turn now to the computation of the Pontryagin index of these YM solution. For the
case at hand, the relevant quantities involved in this computation are
(crc1c2c3) =
1
8
r3, F aµνF˜
aµν = 24
(
4a4
r6
)2
. (75)
36
Thus we have
ν[A] =
( −1
32π2
)
8π2
∫ ∞
a
dr
1
8
r3

24
(
4a4
r6
)2 = −3
2
(76)
where we set the range for the U(1) fibre coordinate as 0 ≤ ψ ≤ 2π rather than 0 ≤ ψ ≤ 4π
for the reason stated earlier. Note particularly that it is precisely this point that renders
the Pontryagin index of this solution fractional because otherwise, it would come out as −3
instead.
Let us now discuss the behavior of these solutions as r → 0 once again to stress that they
really do not exhibit singular behaviors there. For TN and EH instantons, the ranges for
radial coordinates are m ≤ r < ∞ and a ≤ r < ∞, respectively. Since the point r = 0 is
absent in these manifolds, the solutions in these GI are everywhere regular. At large but
finite r, on the other hand, the solutions appear to take the structure close to that of meron
solution in flat space. Another interesting point worthy of note is that the solution in TN
background exhibits a generic property of the instanton solution in that it does interpolate
between a trivial vacuum at r = m and another vacuum (pure gauge) at r → ∞. Namely,
the solution in TN background appears to exhibit features of both meron such as their large
r behavior and instanton such as interpolating configuration between two vacua. Next, we
analyze the meaning of the topological charge values of the solutions. It is remarkable that
generally the solutions seem to carry fractional topological charge values. Here, however, the
solution in EH metric background carries the half-integer Pontryagin index actually because
the range for the U(1) fibre coordinate is 0 ≤ ψ ≤ 2π and hence the boundary of EH
space is S3/Z2. To summarize, the solution in TN background particularly displays features
generic in the standard instanton while in the case of that in EH background, such generic
features of the instanton is somewhat obscured by meron-type natures. There, however, is
one obvious consensus. Both solutions in these GI backgrounds are non-singular at their
centers and have finite Euclidean YM action. And this last point allows us to suspect that
these solutions are more like instantons in their generic nature although looks rather like
merons in their structures.
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